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ABSTRACT

In the present study laminar mixed convection between two
herizontal parallel plates kept at symmetric and asymmetric uniform
wall temperatures is studied . The momentum and energy equations
are transformed Lo a dimensionless form by introducing appropriate
dependent and independent variables and a dimensionless temperaturs
ratio. The local similarity solution method is implemented to
Ltransform +the governing equationz Lo a system of ordinary
differential equations. The locally simtlar equations are solved
numerically by the Runge-Kutia integration technique along with the
Newton—-Raphson shooting method at different axial locations over
the range of the mixed convectlion parameter O.0152 § £ 0.1. Results
are obtained for the local heat Lransfer. ceoefficient of friction.
and velocity and temperaturs distributions. Effects of the mixed
cenvection parameter, the configuration parameter, Prandtl number
and the temperature ratio are studied.

NOMEMNCLATURE



M. 55 Dr. M.MAHGOUB,M.G. WASEL, M.S.GHITH.

b vertical distance between the lower and upper p%ates
Cr dimensionless ceefficient of friction, Tu/ pU
£ dimensionless stream function, w/Juo IS
a gravitational acceleration s 2
Grb Grashof number defined as, gﬁtTl—Tojb e
Gr Grasholf number defined as, gﬁ(?}—Tojxa/vz
e
h local heat transfer coefficient
ke coefficient of thermal conductivity
Mu local Nusselt number based on x, herk
Nub local Musselt number defined as, hbsk
P pressure
Pr Prandtil number, voot
< heat flux at the wall
L
Reb Reyneolds number defined as, u bru
o
Rex Reynolds number defined as, u R
T temperature
TL tenperature of tLhe lower plate
TD temperature of the fluid at Lthe axis of the passage
Tr dimensionless temperature ratio |, C2p+iDp (24D
T temperature of the upper plate
"
u velocity component in the longitudinal direction
u free stream velocity at Lhe inleu

v velocity component in the normal direction

® co-ordinate in the longitudinal direction

v co-ordinate normal to the longitudinal direction
1 coefficlent of thermal diffusivity

e coafficient of thermal expansion

» dimensionless independent variable, yJG;Tg;

D the value of the independent wvariable n at the axis of
the passage Ci.e. at y=brs2 ) .

& mixed convection parameter, er/ Rex

Fb configuration parameter, Grb/ gﬁei

o the temperature ratioc between the twa plates.CTfﬁ‘)/CT -T2
o u <

v kipematic viscosity

=4 density

& dimensionless temperature, CT—To)/CTl—To>'TF

T wall shear stress, vo Ca‘..{/()'\ar:'r\‘r

W stream function, fu vx
k=1

Introduction
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The phenomencn of mixed convectiwve heat transfer in the combined
entrance region in variocus duct geometeries becomes 1ncreasingly
important as the volume of the thermal devices are made smaller.
The increasing use of such devices in Lhe modern Lechnology has
stimulated continuing interest of many lnvestigaters in the recent
yvears. Cheng and Whang {1] studied the laminmar combined free and
foerced convection in horizontal rectangular channels under Lhe
thermal boundary conditions of axially uniform wall heat flux and
peripherally wuniform wall temperature for Various aspect ratios
using a finite difference scheme.

¥hang and Cheng ({21 numerically determined the conditions marking
the onset of longitudinal voritex rolls due to buoyant forces in the
thermal entrance region of a horizontal parallel plate channel
heated from below and cooled from above.

Wuu-ou, Cheng and Lin (3] studied tLthe combined free and forced
laminar coovection with an upward flow in inclined rectangular
channels having different aspect ratiecs using a modi fied
formulation for the Reynolds and Rayllegh number=s, by which the
inclination angle did not appear explicitly in the governing
equations.

spou-Ellail and Morcos [4] studied numerically buoyancy effects in
the thermal entrance region of horizontal rectangular channels by
transforming Navier-Stokes equations to a parabolic nature . A
combined iterative-marching integration technique is emploved to
solve the finite difference equations.

Kennedy and Zebib (3] performed numerical and experimental studies
to investigate the heat transfer characteristics and flow patterns
resulting from four specific local heat source configurations
located in four different ways so Lhat the effect of the bottom
heating only, the Lop healing only and the top and bottem heating
could be investigated. Resulis are_obtained for_Reynoclds numbers of
37 and Grashof numbers of 1.8 x 10° and 5. 4x10".

Ospborne and Incropera (6] conducted experimental study Lo
investigate the hydrodynamic and thermal conditieons in laminar
water flow between horizontal parallel plates with asymmetric
heating, over the range of Grashof number 4.3x10° = &r =

4.2x10 and Rayliegh number B85 = Ra £ 1300.

Experiments have been performed by Maughan and Incropera (7] to
investigate mixed convection heat transfer in the thermal entrance
region of a parallel plate channel heated from below. The effect of
surface heat flux and channel orientation are studied feor fluids at
Pr = 0.7, and of Reynolds number 128<{Re<S00, Grashof number 7xi0° <
Gr < tx10° and the inclination angle O £ & £ 30.

Cheng, Kuan and Rosenberger (8] experimentally investigated the
entrance effects of mixed convection between herizontal paralliel
plates heated frem blew and cooled from above in tLthe range of
Rayliegh and Reynoclds numbers 1368 < Ra < 8300 and 135 < Re < 170
for an aspect ratio of about 10.

Lee and Hwang [(9) numerically studied the effect of asymmelric
heating on the thermal instability in the thermal entrance region
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of a parallel plate chamnnel. Six different heating configurations
are studied.

Nguyen [(10] numerically studied mixed convection in the entrance
region of a parallel plate channel at low Reynolds number employing
the finite difference method. Correlations are obtained for the
fully developed Nusselt number, hydroedynamic entrance length,
thermal entrance length and the pressure drop.

2 Mathematical Description Of The Problem

As seen in figure {13, consideration i{s given to two horizontal
parallel plates aligned parallel toe a steady laminar flow and
subjected to either symmetric or asymmetric . constant wall
temperatures. A cartesian coordinate system is used with the origin
at the leading edge of the bottom plate. The free stream velocity
at. the inlet, temperature, and density at the center line are
denoted by uo .To and porespect.ively. The wvelocity components in

the longitudinal and transverse directions are denoted by u and v,
respectively, while the vertical distance between the lower and
upper plates is denoted by b. According to tLhe Boussnisg
approximation, the physical properties of the fluid are assumed to
be constant except for the density p in the buoyancy bLerm.

The flow and heat transfer process of the problem under
investigation can be described by the following equations;

gurdx + vy = Q. i
U COUSER + VEAUSFY) = ~Clsp D> Fprax v v COTusoy™) =)
Cap/ay3=gC€—p), 3D
3= -Ci/pob cap/mp 43
W IT/ 3O + W IT/8yd = krp ¢ € 32 Tray?” =
o p
THe following boundary conditions are applied.
u=v =0, T='I'w at ¥ = 0, b
= = = = b/ .
U Ut T To , 8Tray = 0Q at vy b2 Ced
where u , i1s the wvelocity at the axis of the passage at any
DM

position % In the system of equations {(1-5) the term Cp—p)oin

equation €(3) is eliminated in faver of the temperature difference
{T-T > through the definition of the coefficient of thermal
e

expansion 7, then the two equations of motion are Cross

differentiated and subiracted to eliminate the pressure gradient.
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The gove;ning equgtions b§come;

g u d'u g u &
u + v - + g3 <T-TD> = 0O , (]
&
Sy ay2 ay: 29 o
T aT k T
u— + v — = — ¢ e Bl
ax ay pocp 3y

In the method of solution of Lhe system of equations (7 and 8), one
expresses tLhese equations in a dimensionless form by defining new
dimensionless independent variables, {0 and n»x.y2) along with a
dimensionless temperature & and a dimensionless stream function w,
ccording to,

FCxO = G ARe™? L nxLyd = v o 7w, cad
= ~
w o= fCE.n)JuD v x 3 & =Tr (C T-T >/CT =T >3, €10
where; TL and T are the lower and upper plate temperatures,
L%

respectively . The coefficlent Tr is defined through the following
relations as,

Tr | S ;o ¢ = LT =T 2.CT =T ) Cid
1 = u o

It is noteworthy that both $ and Tr are seo formulated that
Lthey ensure smooth transition betwesen the different  heating
conditions. Using the foregeing definitlionz of the dimensionless
dependent and independent wvariables (89-11) one can obtain the
dimensionless form of the governing =guations as;

zr + £ + ff =+ ETr pd =

. ar or 39
-~ ECL - £ gewre FATP T D . Clead
a % % e 6
% F O =Ll fo - 9D, €13
= b 2:
with the boundary conditions ;
L, 0=0¢f,0) = 0O VBCELOD = 4,
RS NP = 9CL.m, 0 =0 .
£CE,m >=r g, 2= 0 BCELm D =t (14D

where the primes denote partial diffsrentiation with respect to 7.
The dimenzlionless variable n,,, APpears in the boundary conditions

is the value of the independent wvariable v corresponding to y=brZ
»i.e., at the axis of the passage. Accordingly., with the aid of

squation (3), the definition of N, ¢an be deduced as,

Mo,z = Eb/ £ €12
where, 2 2
:b = Grb/ =4 Reb = EgﬁCTl—ToJ/equ.b CLED
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From equation (18) , it is seen that the configuration parameter fb

is dirsctly proportional to the height of the passage. Obtaining
the wvelocity and temperature profiles, the physical quantities of
interest, namel vy, the local Nusselt number and the local
coefficient of friction can now be deduced.

Cefining the local Nusselt number and the local coefficient of
r'riction as;

Mu = hxesk C =T /Cpuz) 07D
x r ] )
where
h=qv/CaT1—5T23=—k (CFT-3yd °+C6I76y) ), €18l
y: Y:
T =puldu/gyd , AT1=CT -T 3, ATz=CT -T > ciad
% y=0 I o a o

Empleying the definitions of f and & and their derivatives, one can
express the local Nusselt number and the local coefficient of

fricticon in a dimensionless fogm as,
L

Nu ~JRe. = co + & > — . 207
r Y TrCleg)
c, Re = fcz, 0. =

Nusselt number can also be prgsented in the conventional feorm as,

= ) + ) ——ea™y, -

Nub Bnmax (8L eu) < Trcl ~oo 22>

The method of the local similarity solutions is adopted to simplify
the governing eguations by divesting them from the terms causing
nonsimilarity, this is based on the assumption that wvariations in f
and & and their derivatives with respect to ¥ is much smallerathan

that with respect to n. In this sense the terms contalning Eg in

equations (12 and 13) are considered comparatively small and the
right hand sides in these equations wvanish. This approximaticn is
fairly Justif%?ble for qyfficiently small wvalues of ¢ where Lhe
guantities —EE- and gz_gg are very small. Based on the above
mentioned postulate, the momentum and energy eqguatioens will be
reduced Lo,

£ rsee r 220 A2 E T oy 9 =0, 23

9 +1,2Pr f &= 0. ¢242

Furthermore the momentum equation (83> can be directly
integrated with respect to n with the result that the set or

2auztions governing the problem becomes,

£+ 1,2 £ 212 FSTR.0® +1s2 ETr fo an =0, sy



Mansoura Engineering Journal Yol 19, Ng. 1, March, 1994 M. &0

8 +1/2Pr F 9=0 , €263

with the boundary conditions,

£CE,0) = £C£.0) = O , ecr.,od = Tr,

fCE.nb) = fCE.nbj =0,

5Cf.nb3 = Tr ¢ {27

It is seen that the boundary conditions associated with

equations (28 and 26) are insufficient to determine a scelution. The
present method of solution entails dividing the flow field into two
imaginary parts, one of which encloses the region from the lower
wall to the axis of the passage and the other encloses the region
from the upper wall to the axis of the passage. Furthermore, Lhe
continuity eguation in the integral form is employed Lo provide
criteria for the calculation of the cerrect velccity profile as
follows:

nb/z
=f 1 dan. cesd
nbzz for <
The boundary conditions along with eguation (£28) are now

gquite sufficient to determine local solutions regrading £ as a
constant parameter at any axial position.

Nuwmerical Solution

The basic algorithm f'or the approximate solution of such a
problem invelves guessing the unknown values of § (F,0) and
2CE,.00 and integrate the governing equations across Lthe specified
interval to obtain approximate solution to the problem which
depends upen the initially guessed values of  {f,0) and &#CF.03.
If the required ocuter boundary conditions are satisfied, a solution
has been obtained, otherwise an ilterative shooting method is
employed to estimate new improved values for both  (§,0) and
9CE,00 for the next trial integration. However the problem is
further complicated by the fact that the value of f at the outer
boundary ,i.e.,fCE.nb/z) is also unknown, whlech introduces ancther

initial guess to the input data; that has alsoc to be corrected by
adjusting the produced velocity prefile to satisfy the continuity
equation In the integral form this precess {3 repeated several
times until satisfactory results are achieved.

The numerical scheme designed to execute the foregeing seguence of
steps employs both the Runge-Kutta methed of the ordinary
differential eguations as an integration technigque and the
Mewton-Raphson iterative method to carry out the successive
improvements according to the shooting methed. Each of the
configuration parameter Eb, the temperature ratio ¢ and Prandtl

number Pr are varied over the whole range of f(he mixed convection
parameter ¥. In the soluticon of the upper half of the passage, the
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sign of the buoyancy term in the momentum equation is changed to
negative to account for the positive pressure gradient associated
with the flow below a heated surface.

4. RESULTS AND DISCUSSION

Numerical calculations are carried out over the range of the mixed

convection parameter 0.0 <20, for Prandtl number wvalues of
0.7, 2 and 3 . The configuration parameter fb is wvaried between
0.3 te 0.8 , while the temperature ratio ¢ is assigned the values

i. 2 and 3.

Figures (2 and 3) repreesent the effect of the mixed convection
parameter, ¥ on the velocity and temperature profiles for ¢ = 2, Pr
= 0.7 and fb = 0, 4. Buoyancy effects are seen to profoundly distert

the velocity preofile which exhibited an overshcot beyond the free
stream limit in Lthe lower half of Lhe passage. Such distortion in
the veloclty is much less prenounced in the upper half of the
passage. Thisz may be due Lo the oppesing pressure gradient which
has hysteresis behavier on the velocity development.

Results reveal also that, large temperature gradients are
associated with higher values of the mixed convection parameter ¢,
this in turn leads Lo heat transfer enhancement.,

Variation of bkoth the local heat transfer expressed as NUX/Jﬁgq and

Nub=Chb/k) are deplcted in figures (4 and 53 as functions of Lhe

mixed convection parameter ¥ which varies over tLhe range 0.8 = F
£ 0.1 . Results are obtained for wvalues of the configuration

parameter, Eb, of 0.3, 0.4 and ©. 3.

Figure (43 indicates remarkable enhancemert in bLhe local heat
transfer ¢(Nu ~{Re > as fb decreases, this is due to the large
H =4

temperature gradients at the walls associated with the lower values
of Cb. In figure (5> this trend is reversed with higher values of
Eb leads to higher values of Nub

Results of the effect of on the coefficient of friction is

Eb
presented in figure ¢6). It is seen that curves of lower wvalues of
Eb lie above those of higher walues and bescome much more stzep as

the mixed convection parameter increases.

Effect of Prandtl number on Nusselt number and the wall shear
stress is depicted in figures (7 and 83 over the range 0.022=£=<0.1.
Yalues of Prandtl number are taken as 0.7, 2 and 5. An enhancement
in both the coefficient of friction and Nusselt number is seen
asseciated with higher values of Prandtl number.

The temperature ratio, ¢ seems to have an effect similar to that of
Prandtl number on the velocity and temperature profiles as shown in
figures (8~9). The relatively strong effect of both the tempsrature
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ratio and Prandtl number on the Lemperature proflile 1= probably due
to the direct effect of Lhese Lwo Factors on the energy equation.

In figures (10-112 results reveal decreasad heat transfer
enhancement with lower wvaluezs of the temperature ratio . Such
behavior 1s an excepected consequence of the effect Lhat the
increasing top healing has on the core fluld, since by decreasing
., the temperature of the fluid at the cors regiron increases and
1ts ability-of cooling the bottom plate diminishes. Closer
inspection of the two figures may confirm this explanation, since,
as the distance I'rom the leading edge LIncreases the core fluid
becomes already warmed, and the wall-minus-free stream Loemperature

difference approaches a constant wvalue,at this limt . the
difference between the curves of different ¢'s seems to vanish to
Zero.

The effect of the temperabture ratio, ¢ on the local ceefficient of
friction 13 presented in figure (122 as a function of the mixed
convection parameter §. Solutions are obtained over tLthe range
0. 0142F<0. 06 The figure indicates that, the coefficient of skin
frietion ¢ (%4§5: ) 1ncreases as ¢ increases due to the large

velocity aradients associated with the higher wvalues of the
temperature ratio.

5. CONCLUST ONS

¥ith the appropriate dimensionless transformation of the governing
egquations, the method of the lecal similarity solutions could be
used to Simplify these equations to a system of ordinary
differential equatlons. The problem was simplified to Lhe
simultaneous solution of two flat plates and the continulty
equation in the integral form was used Lo match the two solution at
the center of the passage. This method is simple and self starting.
Contrasting the obtained results with tLhe previcus studies of
Abu-Ellial et al [4) Osborne et 2l [7)] and Morceos et al (2]
(figures 13-13) evidences the rellability of the present method.
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